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Let NðnÞ be the set of all integers that can be expressed as a sum of reciprocals of
distinct integers 4n: Then we prove that for sufﬁciently large n;
log n þ g p
2
3
þ oð1Þ
 ðlog2 nÞ2
log n
4jNðnÞj;
which improves the lower bound given by Croot. # 2002 Elsevier Science (USA)1. INTRODUCTION
Let NðnÞ be the set of all integers a that can be expressed as
a ¼
X
14k4n
ek
k
;
where ek takes either 0 or 1: Answering questions of Erd +os and Graham [5],
we have shown (see [10–13]) that
log n þ g 2 oð1Þ4jNðnÞj4log n þ g 1
4
þ oð1Þ
 ðlog2 nÞ2
log n
:
Then recently, in [2], Croot improved our previous results so that
log n þ g 9
2
þ oð1Þ
 ðlog2 nÞ2
log n
4jNðnÞj4log n þ g 1
2
þ oð1Þ
 ðlog2 nÞ2
log n
:
Here and in the sequel, we let logj denote the jth fold iterated logarithm.351
0022-314X/02 $35.00
# 2002 Elsevier Science (USA)
All rights reserved.
HISASHI YOKOTA352In connection with NðnÞ; Don Zagier, in private communication, pointed
out the following: Let a be a given integer and deﬁne FðaÞ ¼ minfn : a 2
NðnÞg: Then determining NðnÞ for all n is the same as calculating FðaÞ since
a 2 NðnÞ iff n5FðaÞ: He then asked if it is possible to improve the upper
bound of FðaÞ:
Let S :¼ fsj: j51g be the increasing sequence of all positive integers of
the form p2
i
; i50; where p a prime. Once st is chosen, we denote pkðtÞ the
largest prime os2t ; puðtÞ the smallest prime > st: We deﬁne
DðtÞ ¼ d4LðtÞ: d
Yt
1
si
YkðtÞ
uðtÞ
pj

8<
:
9=
;;
where LðtÞ ¼ pkðtÞðlog pkðtÞÞ2ðlog2 pkðtÞÞ2: Now we ask how many integers a
can be expressed as
a ¼
X
k2DðtÞ;k4n
ek
k
;
where ek takes either 0 or 1: Let NnðnÞ be the set of all integers a that can be
expressed as
a ¼
X
k2DðtÞ;k4n
ek
k
;
where ek takes either 0 or 1 and
FnðaÞ ¼ minfn: a 2 NnðnÞg:
Then NnðnÞ 
 NðnÞ and jNnðnÞj4jNðnÞj:
In this paper, we prove the following results.
Theorem 1. There exists a constant n0 such that, for all n > n0;
log n þ g p
2
3
þ oð1Þ
 ðlog2 nÞ2
log n
4jNnðnÞj
and
FnðaÞ4exp a  gþ p
2
3
þ oð1Þ
 ðlog aÞ2
a
" #
:
By noting jNnðnÞj4jNðnÞj and FðaÞ4FnðaÞ; we improve the lower bound
of jNðnÞj and the upper bound of FðaÞ: Also by quoting Croot’s result about
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Corollary 1. There exists a constant n0 such that, for all n > n0;
log n þ g p
2
3
þ oð1Þ
 ðlog2 nÞ2
log n
4jNðnÞj4log n þ g 1
2
þ oð1Þ
 ðlog2 nÞ2
log n
and
FðaÞ4FnðaÞ4exp a  gþ p
2
3
þ oð1Þ
 ðlog aÞ2
a
" #
:
2. LEMMATA
Lemma 1. For all large pkðtÞ; pkðt1Þ5pkðtÞð1 22=5
p
1=5
kðtÞ
Þ:
Lemma 2. There exists a constant t0 such that, for all t5t0 and
all r satisfying r ¼ ð1þ oð1ÞÞðlog2 pkÞ2
log pk
Qt
1 si; there are distinct integers di
with the property that r ¼P di; where dijQt1 si and di5Qt1 si=pklog pk
ð1 2
log2 pk
Þ:
Lemma 3. There exists a constant t0 such that, for all t5t0 and
all r satisfying r ¼ ð1þ oð1ÞÞðlog2 pkÞ2
log pk
Qt
1 si
Qk
u pj ; there are distinct
integers di with the property that r ¼
P
di; where dij
Qt
1 si
Qk
u pj and di5Qt
1 si
Qk
u pj=LðtÞ:
Lemma 4. There exists a constant t0 such that for all t5t0
15 p2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
4
X
d4LðtÞ;deDðtÞ
1
d
4
p2  3
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
:
Lemma 5. There exists a constant t0 such that for all t5t0
X
d4LðtÞ
d2DðtÞ
1
d

X
d4Lðt1Þ
d2Dðt1Þ
1
d
4ð4þ oð1ÞÞlog2 pkðtÞ
log2 pkðtÞ
:
Assuming these lemmas hold, we prove Theorem 1.
HISASHI YOKOTA3543. PROOF OF THEOREM 1
Given a large integer a; we choose t such that
X
d4Lðt1Þ
d2Dðt1Þ
1
d
oa þ ½ðlog aÞ
2
a
o
X
d4LðtÞ
d2DðtÞ
1
d
:
Since by Lemmas 4 and 5,
a þ ½ðlog aÞ
2
a
o
X
d4LðtÞ
d2DðtÞ
1
d
¼
XLðtÞ
j¼1
1
j

X
d4LðtÞ
deDðtÞ
1
d
4 log LðtÞ þ g 15 p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
and
a þ ½ðlog aÞ
2
a
>
X
d4Lðt1Þ
d2Dðt1Þ
1
d
5
X
d4LðtÞ
d2DðtÞ
1
d
 ð4þ oð1ÞÞlog2 pkðtÞ
log2 pkðtÞ
¼
XLðtÞ
j¼1
1
j

X
d4LðtÞ
deDðtÞ
1
d
 ð4þ oð1ÞÞlog2 pkðtÞ
log2 pkðtÞ
5
XLðtÞ
j¼1
1
j
 p
2  3
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
¼ log LðtÞ þ g p
2  3
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
:
Let a0 ¼ logLðtÞ þ g ðp23 þ oð1ÞÞ
ðlog2 pkðtÞÞ2
log pkðtÞ
: Then since LðtÞ ¼ pkðtÞðlog pkðtÞÞ2
ðlog2 pkðtÞÞ2; we have
a0 þ ½ðlog a0Þ
2
a0
¼ log LðtÞ þ g p
2  3
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
:
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a5a0 ¼ log LðtÞ þ g p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
: ð1Þ
On the other hand, for b0 ¼ log LðtÞ þ g ð18p23 þ oð1ÞÞ
ðlog2 pkðtÞÞ2
log pkðtÞ
;
we have
b0 þ ½ðlog b0Þ
2
b0
¼ log LðtÞ þ g 15 p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
:
Thus,
a4b0 ¼ log LðtÞ þ g 18 p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
: ð2Þ
This shows that a ¼ ð1þ oð1ÞÞ log pkðtÞ: Now we show that
a ¼
X
j4LðtÞ
j2DðtÞ
ej
j
:
Since a ¼ ð1þ oð1ÞÞ log pkðtÞ; a 2 DðtÞ; and by Lemma 5, we have
X
d4LðtÞ
d2DðtÞ
1
d
 a þ ½ðlog aÞ
2
a
 !
¼ rQt
1 si
QkðtÞ
uðtÞ pj
4ð4þ oð1ÞÞlog2 pkðtÞ
log2 pkðtÞ
:
Rewriting this, we have
a ¼
X
d4LðtÞ
d2DðtÞ
1
d
 rQt
1 si
QkðtÞ
uðtÞ pj
þ ½ðlog aÞ
2
a
0
@
1
A
¼
X
d4LðtÞ
d2DðtÞ
1
d
 r
nQt
1 si
QkðtÞ
uðtÞ pj
0
@
1
A;
where rn satisﬁes the following:
rn ¼ ð1þ oð1ÞÞðlog2 pkðtÞÞ
2
log pkðtÞ
Yt
1
si
YkðtÞ
uðtÞ
pj:
HISASHI YOKOTA356Then by Lemma 3, we can express rn as a sum of distinct divisors
di of
Qt
1 si
QkðtÞ
uðtÞ pj with di5
Qt
1
si
QkðtÞ
uðtÞ pj
LðtÞ such that r
n ¼Pm1 di: Thus,
a ¼
X
d4LðtÞ
d2DðtÞ
1
d

Pm
1 diQt
1 si
QkðtÞ
uðtÞ pj
¼
X
j4LðtÞ
j2DðtÞ
ej
j
:
This shows that for every large integer a; we can ﬁnd t so that a is a sum of
reciprocals of distinct integers in DðtÞ less than or equal to LðtÞ; where LðtÞ
satisﬁes
a5log LðtÞ þ g p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
and
a4log LðtÞ þ g 18 p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
:
We note that
a ¼
X
j4LðtÞ
j2DðtÞ
ej
j
implies that a 2 NnðLðtÞÞ and FnðaÞ4LðtÞ: Then since a ¼
ð1þ oð1ÞÞ log pkðtÞ; we have
a5log LðtÞ þ g p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
¼ logLðtÞ þ g p
2
3
þ oð1Þ
 ðlog aÞ2
a
:
Thus,
FnðaÞ4LðtÞ4exp a  gþ p
2
3
þ oð1Þ
 ðlog aÞ2
a
" #
:
We also note that a 2 NnðLðtÞÞ implies
log LðtÞ þ g p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
4jNnðLðtÞÞj:
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olog Lðt þ 1Þ and by Lemma 1
log Lðt þ 1Þ ¼ ð1þ oð1ÞÞ log pkðtþ1Þ
¼ ð1þ oð1ÞÞ log pkðtÞ þ O 1
p
1=5
kðtÞ
0
@
1
A
0
@
1
A
¼ log LðtÞ þ O 1
p
1=5
kðtÞ
0
@
1
A:
Therefore,
log n þ g p
2
3
þ oð1Þ
 ðlog2 nÞ2
log n
4jNnðnÞj:
4. PROOF OF LEMMAS
Proof of Lemma 1. Since for pi large, by [4], we have piþ14pi þ p3=5i :
Thus pkðt1Þ5pkðt1Þþ1  p3=5kðt1Þ5s2t1  s6=5t1: By the choice of st; we have
st15st  s3=5t1: This then implies that
pkðt1Þ5ðst  s3=5t1Þ2  s6=5t 5s2t  2s8=5t 5s2t 1
2
st
 2=5 !
¼ s2t 1
22=5
s
4=5
t
 !
5pkðtÞ 1 2
2=5
p
1=5
kðtÞ
0
@
1
A: ]
Proof of Lemma 2. Case 1: st ¼ p2l ; l51: Deﬁne for j ¼ 1; 2; 3; . . . ; 2l ;
Dj ¼
Qt1
1 si
p2
ljd
: pj  p þ 14d4pj  1; d

Yt1
1
si
( )
[ f0g:
We note that if dj 2 Dj and dja0; then for all i;
Qt1
1 si
p2
ljðpj  1Þ4dj4
Qt1
1 si
p2
ljðpj  p þ 1Þ:
HISASHI YOKOTA358Then by the property of S;
Qt1
1 si ¼ p2
l1Q ti; where p[Q ti for all i:
Thus,
Dj ¼
Qt1
1 si
p2
ljd
: pj  p þ 14d4pj  1; d

Yt1
1
si
( )
[ f0g
¼ pj1
Q
ti
d
: pj  p þ 14d4pj  1; d
Yt1
1
si
( )
[ f0g
f0; pj1; 2pj1; . . . ; ðp  1Þpj1g ðmod pjÞ:
Let Dn ¼P2l1 Dj: Then by Lorentz’s theorem [6], Dn is a complete
residue system modulo st: Thus given any integer r; r  dnt ðmod stÞ for
some dnt ¼
P2l
1 djej 2 Dn; where dj 2 Dj; and
dnt 4
Yt1
1
si
X2l
1
1
p2
ljðpj  p þ 1Þ
 !
4
Yt1
1
si
2 log st
st log 2
 
:
Case 2: st ¼ p: Deﬁne
D ¼
Qt1
1 si
d
:
st  1
2
4dost; d

Yt1
1
si
( )
[ f0g:
Then by Lemma 1 of [9], jDj ¼ pþ3
2
and no two elements are congruent
modulo st: If r  2d ðmod stÞ for some d 2 D; then let Dn ¼ ðD  fdgÞ þ
ðD  fdgÞ: Otherwise, Dn ¼ D þ D: Then by Cauchy–Davenport Theorem
[3], r  dnt ðmod stÞ for some dnt ¼
P2
1 djej 2 Dn; where dj 2 D; and
dnt 4
Yt1
1
si
2
st  1þ
2
st þ 1
 
4
Yt1
1
si
2 log st
st log 2
 
:
Thus in either case, given any integer r; we have r  dnt ðmod stÞ and
dnt 4
Yt1
1
si
2 log st
st
 
:
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r ¼ ð1þ oð1ÞÞðlog2 pkðtÞÞ
2
log pkðtÞ
Yt
1
si:
We let
r1 ¼ r  d
n
t
st
; an integer:
Then
r15 ð1þ oð1ÞÞ
ðlog2 pkðtÞÞ2
log pkðtÞ
 2 log st
s2t log 2
 !Yt1
1
si
and
r14ð1þ oð1ÞÞ
ðlog2 pkðtÞÞ2
log pkðtÞ
Yt1
1
si:
Continue this process j times so that stj is the smallest element in S
satisfying log pkðtÞð1 2log2 pkðtÞÞ4stj: Then,
rj5 ð1þ oð1ÞÞ
ðlog2 pkðtÞÞ2
log pkðtÞ
 2
log 2
Xt
tj
log si
s2i
 !Ytj
1
si:
Since
Xt
tj
log si
s2i
4
Z 2 ﬃﬃﬃﬃﬃﬃpkðtÞp
log pkðtÞð1 2log2 pkðtÞÞ
log x
x2
dx þ O log2 pkðtÞðlog pkðtÞÞ2
 !
¼ log x
x
 1
x
 2 ﬃﬃﬃﬃﬃﬃpkðtÞp
log pkðtÞð12=log2 pkðtÞÞ
þO log2 pkðtÞðlog pkðtÞÞ2
 !
¼ð1þ oð1ÞÞlog2 pkðtÞ
log pkðtÞ
;
rj5 ð1þ oð1ÞÞ
ðlog2 pkðtÞÞ2
log pkðtÞ
 2
log 2
ð1þ oð1ÞÞlog2 pkðtÞ
log pkðtÞ
 !Ytj
1
si
¼ ð1þ oð1ÞÞðlog2 pkðtÞÞ
2
log pkðtÞ
 !Ytj
1
si:
HISASHI YOKOTA360We also note that
rj4ð1þ oð1ÞÞ
ðlog2 pkðtÞÞ2
log pkðtÞ
Ytj
1
si:
Thus,
rj ¼ ð1þ oð1ÞÞ
ðlog2 pkðtÞÞ2
log pkðtÞ
Ytj
1
si:
Since by Lemma 1 of [8], every integer a4
Qtj
1 si can be expressed as a sum
of distinct divisors of
Qtj
1 si: Thus, we can express rj as follows:
rj ¼
X
d 0i ; where d
0
i
Ytj
1
si; d
0
i51:
Then
r ¼ str1 þ dnt
¼ stðst1r2 þ dnt1Þ þ dnt
..
.
¼
Yt
tjþ1
si
 !
rj þ
Yt
tjþ2
si
 !
dntjþ1 þ
Yt
tjþ3
si
 !
dntjþ2 þ    þ dnt
¼
Yt
tjþ1
si
X
d 0i
 
þ
Yt
tjþ2
si
 !
dntjþ1 þ
Yt
tjþ3
si
 !
dntjþ2 þ    þ dnt
and
Qt
tmþ1 sid
n
tm are all distinct for m ¼ 0; 1; 2; . . . ; j: Here
Qt
tþ1 si ¼ 1:
Note that for dntm ¼
Pstm
1 djeja0; we have by Cases 1 and 2,
dj5 1stm
Qtm1
1 si: Thus,Yt
tmþ1
sidj >
Yt
tmþ1
si
Ytm1
1
si
1
stm1
 
5
Qt
1 si
s2t
5
Qt
1 si
4pkðtÞ
:
Since stj14log pkðtÞð1 2log2 pkðtÞÞ; we have
Qtj1
1 si4pkðtÞ by Lemma 2 of
[1]. Thus,Yt
tjþ1
si ¼
Qt
1 siQtj
1 si
¼
Qt
1 siQtj1
1 si  stj
5
Qt
1 si
pkðtÞ log pkðtÞð1 2log2 pkðtÞÞ
:
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di5
Qt
1 si=pkðtÞ log pkðtÞð1 2log2 pkðtÞÞ: ]
Proof of Lemma 3. For u ¼ uðtÞ4j4k ¼ kðtÞ; let
Dj ¼ d: 14d4log pjlog2 pjðlog3 pjÞ5; d
Yt
1
si

( )
:
Let q be the smallest element in S satisfying q > log pkðtÞ: Then qo2 log pkðtÞ:
Now deﬁne for j ¼ u; u þ 1; . . . ; k
Dnj ¼
Qt
1 si
Qj1
u pi
qd
: d 2 Dj
( )
;
where
Qu1
u pi ¼ 1: Note that if dnj 2 Dnj ; then dnj is an integer andQt
1 si
Qj1
u pi
q log pjlog2 pjðlog3 pjÞ5
4dnj 4
Qt
1 si
Qj1
u pi
q
:
We claim that
Xmj
1
dnj ej : ej ¼ 0 or 1
( )
 f1; 2; . . . ; pjg ðmod pjÞ;
where mj4q log pjðlog2 pjÞ2: Let a be a residue modulo pj : Choose tn such
that
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
log pjð1 2=log2 pjÞ
q
4stn42
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
log pjð1 2=log2 pjÞ
q
:
Then by Lemma 1 of [8],
Qtn
1 siopj: Thus, we can choose kn so that
Ytn
1
si
Ykn1
un
piopjo
Ytn
1
si
Ykn
un
pi;
where pun is the smallest prime greater than stn : Then by Lemma 2 of [1],
log pjð1 2=log2 pjÞ4pkn4log pjð1þ 2=log2 pjÞ: Thus stn=24
ﬃﬃﬃﬃﬃﬃ
pkn
p
42stn :
Now, consider
a
pj
¼ a
Qtn
1 si
Qkn
un pi
pj
Qtn
1 si
Qkn
un pi
¼ pjs þ r
n
pj
Qtn
1 si
Qkn
un pi
;
HISASHI YOKOTA362where rn is chosen so that
ð1þ 1=log2 pkn  2=
ﬃﬃﬃﬃﬃ
stn
p Þ
Ytn
1
si
Ykn
un
pi
4rnoð2þ 1=log2 pkn  2=
ﬃﬃﬃﬃﬃ
stn
p Þ
Ytn
1
si
Ykn
un
pi:
Then by Theorem 2.2 of [9], rn ¼P di; where di are distinct divisors ofQtn
1 si
Qkn
un pi and di5
Qtn
1 si
Qkn
un pi=pkn log pknðlog2 pknÞ5: Thus,
a
Ytn
1
si
Ykn
un
pi  rn

Ytn
1
si
Ykn
un
pi
P
diQtn
1 si
Qkn
un pi
 !

Ytn
1
si
Ykn
un
pi
Xmj
i¼1
ei
i
 !
ðmod pjÞ;
where mj is less than or equal to pkn log pknðlog2 pknÞ5: Since ð
Qtn
1 si
Qkn
un pi;
pjÞ ¼ 1; as a runs through all residues modulo pj; a
Qtn
1 si
Qkn
un pi runs
through all residues modulo pj : Thus,
Ytn
1
si
Ykn
un
pi
Xmj
i¼1
ei=i
 !
: ei ¼ 0 or 1; i
Ykn
un
pi

( )
contains all residues modulo pj: Furthermore,
Yt
1
si
Yj1
u
pi=q
Ytn
1
si
Ykn
un
pi; pj
 !
¼ 1:
Thus, we have
Xmj
1
dnj ej  f1; 2; . . . ; pjg ðmod pjÞ;
where mj4qpkn log pknðlog2 pknÞ54q log pjðlog2 pjÞ2 for pj large.
Now given r such that
r ¼ ð1þ oð1ÞÞ ðlog2 pkÞ
2
log pk
 !Yt
1
si
Yk
u
pj;
NUMBER OF INTEGERS REPRESENTABLE AS UNIT FRACTIONS 363we can express r as
r 
X
dnk ek ðmod pkÞ; where dnk 2 Dnk
and
X
dnk ek ¼
1
q
Yt
1
si
Yk1
u
pi
Xmk
i¼1
ei
i
 !
4
log mk
q
Yt
1
si
Yk1
u
pi:
Let r1 ¼ ðr 
P
dnk ekÞ=pk: Then,
r15 ð1þ oð1ÞÞðlog2 pkÞ
2
log pk
Yt
1
si
Yk1
u
pi  log mk
qpk
Yt
1
si
Yk1
u
pi
¼ð1þ oð1ÞÞ ðlog2 pkÞ
2
log pk
 log mk
qpk
 !Yt
1
si
Yk1
u
pi
and
r14
r
pk
¼ ð1þ oð1ÞÞðlog2 pkÞ
2
log pk
Yt
1
si
Yk1
u
pi:
Repeating the same argument k  u times, we have
rku5ð1þ oð1ÞÞ ðlog2 pkÞ
2
log pk
 log mk
q
Xk
j¼u
1
pj
 !Yt
1
si:
Since mkoq log pkðlog pkÞ2; we have log mk4ð2þ oð1ÞÞ log2 pk: We note
that since
Pk
j¼u
1
p
¼ Oð1Þ;
log mk
q
Xk
j¼u
1
pj
¼ O log2 pk
log pk
 
:
Thus, we have
rku5 ð1þ oð1ÞÞ ðlog2 pkÞ
2
log pk
 O log2 pk
log pk
  !Yt
1
si
¼ð1þ oð1ÞÞðlog2 pkÞ
2
log pk
Yt
1
si:
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rku ¼ ð1þ oð1ÞÞðlog2 pkÞ
2
log pk
Yt
1
si:
Note that
r ¼ pkr1 þ
X
dnk ek
¼ pk pk1r2 þ
X
dnk1ek
 
þ
X
dnk ek
¼
Yk
u
pirku þ
Yk
uþ1
pi
X
dnu eu
 
þ    þ pk
X
dnk1ek1
 
þ
X
dnk ek
and
Qk
j pid
n
j1 are all distinct for j ¼ u þ 1; . . . ; k: Note also that
Yk
jþ1
pid
n
j 5
Qt
1 si
Qk
u pi
qpj log pjlog2 pjðlog3 pjÞ5
5
Qt
1 si
Qk
u pi
pkðlog pkÞ2ðlog2 pkÞ2
for j ¼ u; u þ 1; . . . ; k  1: Thus to show r ¼P di; where di are
distinct divisors of
Qt
1 si
Qk
u pi and di5
Qt
1 si
Qk
u pi=pkðlog pkÞ2ðlog2 pkÞ2;
it sufﬁces to show rku ¼
P
d 0i ; where d
0
i are distinct divisors
of
Qt
1 si and d
0
i5
Qt
1 si=pkðlog pkÞ2ðlog2 pkÞ2: Recall that our rku
satisﬁes
rku ¼ ð1þ oð1ÞÞ ðlog2 pkÞ
2
log pk
 !Yt
1
si:
Then by Lemma 2, we have rku ¼
P
d 0i ; where d
0
i are distinct divisors ofQt
1 si and d
0
i5
Qt
1 si=pkðtÞ log pkðtÞð1 2log2 pkðtÞÞ5
Qt
1 si=LðtÞ: ]
Proof of Lemma 4. We note that every integer d4st is in DðtÞ and by the
choice of pkðtÞ; every prime popkðtÞ is in DðtÞ: Thus for deDðtÞ and d4LðtÞ;
d must reside in one of the following sets:
D1 ¼ fd4LðtÞ: there exists m2 such that stom2oLðtÞ and m2 j dg;
D2 ¼ fd4LðtÞ: there exists p such that pkðtÞopoLðtÞ and p j dg:
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d2D2
1
d
4
X
d4LðtÞ;deDðtÞ
1
d
4
X
d2D1
1
d
þ
X
d2D2
1
d
:
We ﬁrst estimate
P
d2D1
1
d
:
X
d2D1
1
d
4
X
stom24LðtÞ
1
m2
X½LðtÞ=m2
j¼1
1
j
4 ðlog LðtÞ  log sðtÞ þ 1Þ
X
stom2oLðtÞ
1
m2
4 ðlog LðtÞ  log sðtÞ þ 1Þ
X
ﬃﬃﬃ
st
p omo
ﬃﬃﬃﬃﬃﬃ
LðtÞ
p
1
m  1
1
m
 
¼O log pkðtÞﬃﬃﬃ
st
p
 
¼ O log pkðtÞ
ðpkðtÞÞ1=4
 !
:
We next estimate
P
d2D2
1
d
: To do this, we break the interval ½pkðtÞ;LðtÞ into
three subintervals of the form
pkðtÞ;
LðtÞ
ðlog LðtÞÞ2
" !
;
LðtÞ
ðlog LðtÞÞ2;
LðtÞ
log LðtÞ
" !
;
LðtÞ
log LðtÞ;LðtÞ
 
:
Let
QðmÞ ¼ LðtÞðlog LðtÞÞ1m;
RðmÞ ¼ LðtÞðlog LðtÞÞmþ1m ;
PðmÞ ¼ fp: QðmÞopoQðm þ 1Þg;
RðmÞ ¼ fp: RðmÞopoRðm þ 1Þg:
Then
X
d2D2
1
d
¼
X
pkðtÞopoLðtÞ
1
p
X½LðtÞ=p
j¼1
1
j
¼
X
pkðtÞopoR1
1
p
X½LðtÞ=p
j¼1
1
j
þ
X1
m¼1
X
p2RðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
þ
X
p2PðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
0
@
1
A
¼S1 þ S2; say:
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P
p4x
1
p
¼ log2 x þ B þ
Oð1=log2 xÞ: Then we have
S1 ¼
X
pkðtÞopoR1
1
p
X½LðtÞ=p
j¼1
1
j
4ðlog LðtÞ  log pkðtÞ þ 1Þ
X
pkðtÞopoR1
1
pt
¼ðlog LðtÞ  log pkðtÞ þ 1Þ log2Rð1Þ  log2 pkðtÞ þ O
1
log2pkðtÞ
 ! !
:
Since LðtÞ ¼ pkðtÞðlog pkðtÞÞ2ðlog2 pkðtÞÞ2; we have
Rð1Þ ¼ LðtÞðlog LðtÞÞ24pkðtÞðlog2 pkðtÞÞ
2:
Thus,
S1 ¼ ð2þ oð1ÞÞ log2 pkðtÞ O
log3pkðtÞ
log pkðtÞ
  
¼ o ðlog2 pkðtÞÞ
2
log pkðtÞ
 !
:
For the estimate of S2; we note that
log2 RðmÞ ¼ log2 LðtÞ 
X1
k¼1
1
k
ðm þ 1Þ log2 LðtÞ
m log LðtÞ
 k
;
log2 QðmÞ ¼ log2 LðtÞ 
X1
k¼1
1
k
log2 LðtÞ
m log LðtÞ
 k
:
Then, X
p2RðmÞ
1
p
¼ log2 Rðm þ 1Þ  log2 RðmÞ þ O
1
log2RðmÞ
 !
¼
X1
k¼1
1
k
m þ 1
m
 k
 m þ 2
m þ 1
 k !
log2 LðtÞ
log LðtÞ
 k
þ O 1
log2RðmÞ
 !
¼ 1
mðm þ 1Þ
 
log2 LðtÞ
log LðtÞ þ O
1
m2ðm þ 1Þ
log2 LðtÞ
log LðtÞ
 2 !
þ O 1
log2RðmÞ
 !
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p2PðmÞ
1
p
¼ log2 Qðm þ 1Þ  log2 QðmÞ þ O
1
log2 QðmÞ
 !
¼
X1
k¼1
1
k
1
m
 k
 1
m þ 1
 k !
log2 LðtÞ
log LðtÞ
 k
þO 1
log2 QðmÞ
 !
¼ 1
m
 1
m þ 1
 
log2 LðtÞ
log LðtÞ þ O
1
m2ðm þ 1Þ
log2 LðtÞ
log LðtÞ
 2 !
þ O 1
log2 QðmÞ
 !
:
Thus,
X
p2RðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
4
X
p2RðmÞ
1
p
X½ðlog LðtÞÞmþ1=m
j¼1
1
j
4
m þ 1
m
log2 LðtÞ þ 1
  X
p2RðmÞ
1
p
¼ 1
m2
ðlog2 LðtÞÞ2
log LðtÞ þ O
log2 LðtÞ
mðm þ 1Þ log LðtÞ
 
þ O log2 LðtÞ
log2RðmÞ
 !
and
X
p2PðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
4
X
p2PðmÞ
1
p
X½ðlog LðtÞÞ1=m
j¼1
1
j
4
1
m
log2 LðtÞ þ 1
  X
p2PðmÞ
1
p
¼ 1
m2
 1
mðm þ 1Þ
 ðlog2 LðtÞÞ2
log LðtÞ
þ O log2 LðtÞ
mðm þ 1Þ log LðtÞ
 
þ O log2 LðtÞ
log2 QðmÞ
 !
:
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S2 ¼
X1
m¼1
X
p2RðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
þ
X
p2PðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
0
@
1
A
4
X1
m¼1
2
m2
 1
mðm þ 1Þ
 ðlog2 LðtÞÞ2
log LðtÞ
 
þO log2 LðtÞ
mðm þ 1Þlog LðtÞ
 
þ O log2LðtÞ
log2RðmÞ
 !!
:
We note that
X1
m¼1
2
m2
 1
mðm þ 1Þ
 
¼ 2p
2
6
 1;
X1
m¼1
1
log2RðmÞ ¼ O
Z 1
log Rð1Þ
1
x2
dx
 !
¼ O 1
log Rð1Þ
 
¼ O 1
log LðtÞ
 
:
Thus,
S24
2p2  6
6
þ oð1Þ
 ðlog2 LðtÞÞ2
log LðtÞ ¼
p2  3
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
logpkðtÞ
:
This proves that for t large,
X
d4LðtÞ
deDðtÞ
1
d
4
p2  3
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
:
On the other hand,
X
d4LðtÞ
deDðtÞ
1
d
5
X
d2D2
1
d
5S2
and
S2 ¼
X1
m¼1
X
p2RðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
þ
X
p2PðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
0
@
1
A:
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X
p2RðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
5
X
p2RðmÞ
1
p
X½ðlog LðtÞÞmþ2=ðmþ1Þ
j¼1
1
j
¼ m þ 2
m þ 1 log2 LðtÞ þ gþ O
1
log LðtÞ
   X
p2RðmÞ
1
p
¼ m þ 2
mðm þ 1Þ2
ðlog2 LðtÞÞ2
log LðtÞ þ O
log2 LðtÞ
mðm þ 1Þ log LðtÞ
 
þ O 1
log2RðmÞ
 !
and
X
p2PðmÞ
1
p
X½LðtÞ=p
j¼1
1
j
5
X
p2PðmÞ
1
p
X½ðlog LðtÞÞ1=ðmþ1Þ
j¼1
1
j
¼ 1
m þ 1log2 LðtÞ þ gþ O
1
log LðtÞ
   X
p2PðmÞ
1
p
¼ 1
mðm þ 1Þ2
ðlog2 LðtÞÞ2
log LðtÞ þ O
log2 LðtÞ
mðm þ 1Þ log LðtÞ
 
þ O 1
log2 QðmÞ
 !
;
we have
S25
X1
m¼1
m þ 2
mðm þ 1Þ2 þ
1
mðm þ 1Þ2
 !
ðlog2 LðtÞÞ2
log LðtÞ þ O
log2 LðtÞ
mðm þ 1Þ log LðtÞ
  !
¼
X1
m¼1
m þ 3
mðm þ 1Þ2
ðlog2 LðtÞÞ2
log LðtÞ
 !
þ O log2 LðtÞ
log LðtÞ
 
:
We note that
m þ 3
mðm þ 1Þ2 ¼
3ðm þ 1Þ  2m
mðm þ 1Þ2 ¼
3
mðm þ 1Þ 
2
ðm þ 1Þ2:
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S25
X1
m¼1
3
mðm þ 1Þ 
2
ðm þ 1Þ2
 !
ðlog2 LðtÞÞ2
log LðtÞ þ O
log2 LðtÞ
log LðtÞ
 
¼ 3 2 p
2
6
 1
 
þ oð1Þ
 ðlog2 LðtÞÞ2
log LðtÞ
¼ 15 p
2
3
þ oð1Þ
 ðlog2 pkðtÞÞ2
log pkðtÞ
: ]
Proof of Lemma 5. We ﬁrst note that for st prime
fs1; s2; . . . ; st; puðtÞ; . . . ; pkðtÞg ¼ fs1; s2; . . . ; st1; puðt1Þ; . . . ; pkðt1Þg
[ fpkðt1Þþ1; . . . ; pkðtÞg
and for st ¼ p2i for some i51;
fs1; s2; . . . ; st; puðtÞ; . . . ; pkðtÞg ¼ fs1; s2; . . . ; st1; puðt1Þ; . . . ; pkðt1Þg
[ fst; pkðt1Þþ1; . . . ; pkðtÞg:
Thus in either case, we have
X
d4LðtÞ
d2DðtÞ
1
d

X
d4Lðt1Þ
d2Dðt1Þ
1
d
¼
X
d4LðtÞ
d2DðtÞ
1
d

X
d4LðtÞ
d2Dðt1Þ
1
d
þ
X
d4LðtÞ
d2Dðt1Þ
1
d

X
d4Lðt1Þ
d2Dðt1Þ
1
d
4
1
st
X½LðtÞ=st
j¼1
1
j
þ
X
pkðt1Þop4pkðtÞ
1
p
X½LðtÞ=p
j¼1
1
j
þ
XLðtÞ
j¼Lðt1Þ
1
j
¼S1 þ S2 þ S3; say:
NUMBER OF INTEGERS REPRESENTABLE AS UNIT FRACTIONS 371Now we estimate S1;S2;S3: Since by Lemma 1, log pkðt1Þ5log pkðtÞ 
O 1
p
1=5
kðtÞ
 
; we have
S1 ¼ 1
st
X½LðtÞ=st
j¼1
1
j
4
1
st
ðlog LðtÞ  log st þ 1Þ ¼ O
log pkðtÞﬃﬃﬃﬃﬃﬃﬃﬃ
pkðtÞ
p
 !
;
S2 ¼
X
pkðt1Þop4pkðtÞ
1
p
X½LðtÞ=p
j¼1
1
j
4ðlog LðtÞ  log pkðt1Þ þ 1Þ
X
pkðt1Þop4pkðtÞ
1
p
¼ð2þ oð1ÞÞ log2 pkðtÞ log2 pkðtÞ  log2 pkðt1Þ þ
2
log2pkðt1Þ
 !
¼ð4þ oð1ÞÞlog2 pkðtÞ
log2pkðtÞ
;
S3 ¼
XLðtÞ
j¼Lðt1Þ
1
j
¼ log LðtÞ  log Lðt  1Þ þ O 1
Lðt  1Þ
 
¼O 1
p
1=5
kðtÞ
0
@
1
A:
Thus, we have X
d4LðtÞ
d2DðtÞ
1
d

X
d4Lðt1Þ
d2Dðt1Þ
1
d
4ð4þ oð1ÞÞlog2 pkðtÞ
log2pkðtÞ
:
This completes the proof of Lemma 5. ]
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